Abstract: A continuously operating laser range-finder setup based on the incoherent compression of periodic binary unipolar sequences is analyzed and demonstrated experimentally. The periodic cross-correlation between the directly detected echoes and a properly chosen reference sequence exhibits perfect zero sidelobes. An approximate analytic model for the peak-to-noise-sidelobe ratio in the presence of additive detector noise is established. Tradeoffs among transmitted power, measurement range, aperture size, and acquisition time are addressed. Performance is compared against that of timeof-flight measurements, and scenarios in which each protocol is advantageous are discussed. Outdoor ranging measurements at a distance of 270-m and with a ranging resolution of 15 cm are reported. The range to a Lambertian reflector target at that distance could be measured using a peak transmission power of only 800 mW, at a low signal-to-noise ratio (SNR) of −25 dB and with an acquisition time of 50 s.
Introduction
Laser range finders are widely employed in many civilian and military applications [1] , [2] . They provide the basis for light detection and ranging (lidar) systems and for 3-D imaging cameras [3] . The most widely employed laser ranging protocol relies on the transmission of short and intense isolated pulses, and the measurement of the two-way time-of-flight (ToF) of echoes reflected from a target [1] , [2] . ToF measurements are conceptually simple and provide good signal to noise ratios (SNRs). On the other hand, the instantaneous peak power of transmitted pulses in km-range ToF range-finders reaches kW levels, rendering them more vulnerable to interception by an adversary. In addition, ToF transmitters typically rely on Q-switched or modelocked laser sources, which are often comparatively bulky and expensive.
Alternatively, the range to a target may be obtained based on the transmission of sequences of pulses and the compression of collected echoes by a proper post-detection procedure. Sequence coding is widely employed in radio-frequency (RF) and microwave radar systems [4] , [5] . The entire energy of the long, coded waveform is effectively compressed post-detection, into a narrow virtual peak. The SNR of the processed trace scales with the duration of the entire sequence, whereas the ranging resolution is governed by the duration of a single symbol within the code [4] , [5] . The instantaneous power of the transmitted waveforms is orders of magnitude lower than that of ToF range finders. Moreover, the range-finder transmitter can be realized using simple direct modulation of low-cost, semiconductor laser diodes, followed by standard fiber or semiconductor optical amplifiers. Analog noise may also be used in laser range-finders. An implementation based on the broadband amplified spontaneous emission of an erbiumdoped fiber amplifier (EDFA), or on the modulation of an optical carrier by broadband RF noise, was reported in [6] .
Effective sequence compression with low residual sidelobes typically requires the transmission and coherent detection of phase information. On the other hand, direct detection of magnitude only is much simpler to implement in optical systems. In 2006, Levanon had proposed a protocol for the incoherent compression of unipolar binary sequences [7] , and a first demonstration of the method in a laser range-finder experiment was reported by our group in 2012 [8] .
Other optical applications of incoherent sequence compression in optics include distributed fiber sensors [9] , and image resolution enhancement [10] .
Initially the incoherent compression protocol could only support aperiodic sequences, separated by dead-time intervals [7] , [8] . Recently, the mathematical formalism was extended to the incoherent compression of periodic sequences, allowing for the coding of continuous transmission without breaks [11] , [12] . The formalism was addressed at length in a signal processingoriented paper [11] , where a laser range-finder experiment was discussed only briefly [11] . The current report is dedicated to the analysis and demonstration of the incoherent compression of periodic sequences in a continuously-operating laser range-finder, from an optics perspective.
The specific codes used are introduced in Section 2. In ideal, noise-free conditions, the compression of the chosen codes provides range sidelobes of exactly zero. Section 3 is dedicated to the performance analysis of incoherent sequence compression in the presence of additive detector noise, which is the dominant noise mechanism in practical setups. Additive noise leads to the formation of finite sidelobes. An approximate, analytic model for the peak-to-noise-sidelobe ratio (PNSLR) is provided and validated by numerical simulations. Performance bounds and tradeoffs among range, acquisition time, transmitted power and aperture diameter, imposed by additive noise, are addressed. Next, the comparison between ToF measurement protocols and incoherent compression is discussed in Section 4. We show that the former is superior in applications that are restricted by energy consumption, whereas the latter is advantageous when the probability of intercept and/or hardware simplicity is the primary consideration.
Last, ranging experiments up to a distance of 270 m, with a resolution of 15 cm, are reported in Section 5. The experiments validate the proposed relation between system PNSLR and SNR. Compared with our initial demonstration [8] , the measurement range is increased more than five-fold. The peak transmission power was as low as 800 mW, and the range to a target could be identified at SNR levels as low as −25 dB with an acquisition time of 50 s. Two targets at different depths, both in partial overlap with the range-finder beam, could be properly separated. The results demonstrate the applicability of the incoherent compression protocol for laser rangefinder and lidar applications. A summary is given in Section 6.
Incoherent Compression of Periodic Sequences
Legendre sequences L m ,m ¼ 1; . . . ; N are binary phase codes, available at lengths N ¼ 4 À 1 where is an integer and N a prime [11] , [13] . There are 519 available Legendre sequence lengths between N ¼ 1000 and N ¼ 10 000. The code used in this work is 4003 bits-long. An element L m in the code equals 1 if m is a quadratic residue modulo N: if an integer l exists such that l 2 mod N ¼ m mod N. If m is not a quadratic residue modulo N, then L m ¼ À1 instead. The periodic auto-correlation of L m has a peak value of N at offsets that are integer multiples of N, and all its sidelobes are equal to −1.
Incoherent compression relies on the periodic transmission and direct detection of a unipolar version of the Legendre sequence,L m , in which every "−1" symbol in the original L m is replaced by "0." The collected echo ofL m is cross-correlated with the original bipolar sequence L m , which is digitally stored at the laser range-finder receiver as a reference:
The transmission or detection of phase information is not required. The periodic cross-correlation between the two sequences is perfect: c n assumes peak values for offsets that are integer multiples of N, and sidelobe values of exactly zero for all other offsets. The magnitude of the correlation peaks equals the number of "1" symbols in the sequence: 1=2ðN þ 1Þ. An example of an 11 elements Legendre bipolar reference sequence is: L ¼ ½1; À1; 1; À1; À1; À1; 1; 1; 1; À1; 1. The corresponding unipolar transmitted sequence is:L ¼ ½1; 0; 1; 0; 0; 0; 1; 1; 1; 0; 1. It should be pointed out that perfect periodic cross-correlation between a bipolar m-sequence and its unipolar version was reported in [14] . In practical laser range-finder implementations, however, nonzero sidelobes are generated due to additive detector noise, as discussed next.
Incoherent Compression in the Presence of Additive Noise
Consider a laser range-finder in which the duration of each symbol in the transmitted codeL m is , and the average transmitted power is P t . The optical power of transmitted "1" symbol pulses is therefore about 2P t , while no power is transmitted during "0" symbols. The ranging resolution provided is Áz ¼ 1=2c, and the range of unambiguous measurements is N Á Áz (For possible solutions to range ambiguity see [15] ). We assume that the transmitted beam is reflected from a target whose surface area is larger than that of the incident beam, located at a distance R. A fraction of the incident optical power is reflected from the target surface. We suppose further that the angular distribution of the reflected optical wavefront follows a Lambertian profile. Subject to these conditions, the average optical power that is collected by a receiver with an optical aperture of diameter D is given by
The voltage at the output of the receiver photo-detector and its amplification circuitry is sampled at intervals to generate a sequence S m which is a scaled replica ofL m : S m ¼ 2R D P tLm , where R D is the responsivity of the receiver in [V/W]. Since our setup includes only short fiber paths, we do not encounter pulse broadening in our measurements. The detected sequence is subject to additive noise n m , due to thermal current fluctuations in the electronic circuitry. The received power P r in our experiments is typically weak, on the order of 1-10 nW. In these conditions, detector noise is 2-3 orders of magnitude stronger than the intended signal. On the other hand, optical noise sources, such as laser intensity noise or the beating of signal with amplifier spontaneous emission, are much weaker than the intended signal. The process n m is well-modeled as a white, zero-mean Gaussian noise, and it is often quantified in terms of the noise-equivalent power (NEP, in units of W = ffiffiffiffiffiffi ffi Hz p ): the incident optical power that is required to achieve an SNR of unity, when measured at an electrical bandwidth of 1 Hz. The variance of n m is given by:
2 Áf , where Áf is the integration bandwidth of the photo-receiver. The measurement SNR is defined as the ratio between the average photo-current squared and the variance of the noise photo-current
In (3), it is assumed that Áf is matched with the symbol duration: Áf % 1=.
The detected sequence S m þ n m is truncated to a length of M symbols and correlated with the reference sequence L m . For simplicity we assume that M is an integer multiple of the Legendre code length N. The periodic cross-correlation values are of Gaussian statistics. Their expectation values are C 0 ¼ ½MðN þ 1Þ=N Á R D P r % MR D P r for offsets that are integer multiples of N, and zero for all sidelobes. The contribution of the signal S m to the sidelobes of the crosscorrelation is identically zero because of the perfect cross-correlation betweenL m and L m , and the contribution of the noise is of zero mean. The variance of the correlation outcome, for all offsets, is
We may define the SNR following the cross-correlation operation as the ratio between the magnitude squared of the correlation peak C 0 and the noise variance:
Here, T ¼ M is the acquisition duration. Let us denote the magnitude squared of an individual correlation sidelobe as x . The probability distribution function (PDF) of x is a chi-squared distribution with a single degree of freedom, mean value hx i ¼ 2 c and variance
The explicit form of the PDF is [16] P y
where y ¼ x =hx i The cumulative distribution function (CDF) of y is given by F ðy Þ¼ R y 0 pðy 0 Þdy 0 ¼ ð1= ffiffiffi p Þ Á ð1=2; y =2Þ, where denotes the lower incomplete gamma function.
The PDF of the highest magnitude sidelobe maxðy Þ, among N sl sidelobes within the measurement range of interest, may be approximated based on order statistics
The expectation value of the highest normalized sidelobe, denoted as hmaxðy Þi, may be calculated for each choice of N sl based on (6): hmaxðy Þi ¼ R 1 0 yP maxðy Þ;N sl ðy Þdy . The calculated results are shown in Fig. 1 . In our experiments (reported in Section 5) we consider N sl ¼ 200 sidelobes. For that choice hmaxðy Þi ¼ 9:5 dB. Note that (6) is strictly valid only when the sidelobes are statistically independent, a condition that is not met by the processed traces (see the Appendix). Nevertheless, it still provides useful estimates for PNSLR statistics, as discussed later in this section. Using these results, the expected PNSLR of the processed trace may be estimated based to the measurement SNR
We therefore expect a PNSLR that is 9.5 dB lower than SNR corr in our experiments. The validity of (7) was tested through numerical simulations of the incoherent compression of L m , in the presence of additive noise with different values of 2 n . The length of the simulated traces M was chosen to match the code period N. Fig. 2 shows a scatter diagram of the calculated PNSLR values as a function of SNR corr , for 3000 realizations (plus signs). The straight solid line denotes hPNSLRi based on (7). A linear fit to the numerical results yields a slope of 1.01 and an intercept of −8.7 dB. The root-mean-squared difference between the predicted and calculated PNSLR levels is 1.5 dB.
General agreement between model and simulations is good. However, the numerically obtained intercept of the fitted PNSLR curve is 0.8 dB higher than the −9.5 dB value predicted in Fig. 1 . The difference is due to residual statistical dependence among the sidelobes. Fig. 3 shows the numerically obtained histogram of maxðy Þ for N sl ¼ 200 sidelobes, alongside the PDF of (6). Their comparison reveals that the model overestimates hPNSLRi by approximately 0.8 dB. This difference is insignificant from a system standpoint, since it is smaller than the scatter in the simulated PNSLR values. The overestimate of the model becomes even smaller when the number of sidelobes considered is increased (0.5 dB for N sl ¼ N À 1 ¼ 4; 002, representing the longest range of unambiguous measurements).
In order to reduce the probability of false acquisitions, we arbitrarily define the minimum acceptable PNSLR: PNSLR min ¼ 10. Based on this criterion and Eq (7), we may estimate the minimum required value of SNR corr ; SNR min corr PNSLR min hmaxðy Þi. Noise sidelobes considerations set trade offs among range, aperture size, transmission power, and acquisition duration:
This expression serves as a useful guideline for system design. Plus signs: simulated peak-to-noise-sidelobe ratios (PNSLRs) of 3000 realizations of a 4003 bits-long Legendre sequence, with additive noise at different signal-to-noise ratios (SNRs), following incoherent compression. Results are plotted against the SNR following correlation. Two hundred sidelobes were considered in each realization. Solid line: estimate for the expectation values of the PNSLRs, based on the approximation that the maximum among 200 sidelobes is 9.5 dB higher than the average one (see the approximate probability distribution function of the highest sidelobes magnitude, given in (6), and the relation to measurement SNR in (7)). The line is not a fit to the simulations results.
Comparison Between Sequence Compression and Time-of-Flight Laser Range Finders
It is worthwhile to compare the performance of a laser range-finder based on incoherent pulse compression with that of a ToF implementation. The two systems are, in principle, equivalent under noise-free conditions. However, performance could become markedly different when additive noise is considered. We suppose that both systems use the same receiver and the same collection aperture, and provide the same resolution Áz and measurement repetition rate 1=T . The performance of a ToF laser range finder is evaluated based on the SNR of a single sample of the detector output, whereas that of the sequence coded implementation is evaluated based on the output of the correlation operation. A comparison can be drawn based on two possible constraints, depending on application. In a so-called "energy-limited" range-finder, it is assumed that the two systems transmit equal overall energy E per acquisition. P t of the sequence-coded range finder would then be E =T , leading to
In contrast, the transmitted power of a single pulse in a ToF range finder would be P peak ¼ E =, with a measurement SNR of
For equal energy consumption, resolution, repetition rate and aperture size, and using the same detector, the SNR provided by a time-of-flight laser range-finder would be orders of magnitude higher than that obtained using incoherent compression. On the other hand, in so-called "power-limited" applications, the constraint on transmission is the maximum available peak power, rather than the overall energy. If P peak of a ToF system is restricted to 2P t of a corresponding sequence-coded realization, we find that
The preference of one implementation over the other is therefore critically dependent on the circumstances of the specific application at hand. The above comparison does not take into account potential complexity or cost associated with the generation of short and intense pulses. 
Outdoor Ranging Experiments
Fig . 4 shows the experimental setup used in laser range-finder experiments based on the incoherent pulse compression of repeating, periodic sequences. A small form-factor pluggable (SFP) gigabit Ethernet transmitter module at 1550 nm wavelength was used to generate the optical waveform. The output power of the laser diode in the SFP module was directly modulated by the output voltage of an arbitrary waveform generator (AWG), programmed to repeatedly generate the unipolar representation of a Legendre sequenceL m of length N ¼ 4003 bits. The duration of each symbol within the code was 1 ns, corresponding to an anticipated ranging resolution Áz of 15 cm. The average optical power at the output of the SFP transmitter was −3 dBm. The modulated waveform was amplified to an average power P t of 400 mW by an EDFA, expanded by a collimating lens of 9 cm diameter and launched towards potential targets. A regular, white sheet of paper was placed at various distances from the laser range-finder setup. The power reflectivity of the paper surface was measured in a separate experiment to be 0.07. The optical waveform reflected from the target was partially collected by a second lens of D ¼ 9 cm diameter into a multimode fiber of 200 m core diameter. The far end of the fiber was connected to an InGaAs avalanche photo-diode (APD) of 1 GHz bandwidth and NEP of 0.6 pW = ffiffiffiffiffiffi ffi Hz p . The APD and its associated amplification circuitry provided a responsivity of 40 kV/W. The standard deviation of noise at the output of the receiver was 800 V. The signal at the output of the APD was sampled by a real-time digitizing oscilloscope of 6 GHz bandwidth. The sampling circuitry contributed a second source of additive Gaussian noise with a standard deviation of 300 V. The overall n of the measurement setup was therefore 850 V. The sampled waveform was correlated with the reference sequence L m using off-line processing. Initial, coarse alignment between the transmission and receiving apertures was performed using two visible light sources. The output of one source was launched towards the target through the transmission lens, temporarily replacing the EDFA output, and the output of another was connected in place of the APD and directed towards the target through the multimode fiber and the receiving aperture. The positions of the fibers leading into the lenses were carefully adjusted using three-axis linear stages until the two visible light spots were in overlap on the target surface.
Next, the output of the EDFA was reconnected to the transmission aperture, and the average collected optical power P r at the output of the multimode fiber was measured by a low-bandwidth optical power meter. The axial positions of both fibers were fine-tuned to optimize focus and maximize P r . Following these alignment procedures, the APD was reconnected to the multimode fiber output, and reflected sequence echoes were detected to perform ranging measurements.
In a first experiment, measurements were taken for an indoors target at 100 m distance, at different SNR levels and acquisition durations T . PNSLRs were noted as the relative magnitude of the highest among 200 sidelobes considered in each measurement. Agreement between model and experiment is therefore very good. The difference between predicted and measured PNSLRs is only 0.8 dB (see Figs. 1 and 2 ). The results demonstrate that the experimental performance of the laser range-finder is limited by additive detector noise.
In a second experiment, the target was placed outdoors at 270 m distance. The diameter of the transmitted beam on the target surface was 20 cm. The average collected optical power was −59 dBm, in good agreement with (2) . The measurements were carried out at night. The power of background light coupled into the receiver was below the noise floor of our lowbandwidth power meter (−70 dBm). The measurement SNR was −25 dB. Fig. 6 shows the compressed form of a reflected echo, acquired over about 48 s (M ¼ 48 036, SNR corr of 22 dB).
The full-width at half maximum of the main correlation peak was 14 cm, and the PNSLR of the compressed trace was 14 dB, within 1 dB of prediction. In a third set of experiments, the transmitted beam was aligned to be in partial overlap with two white paper targets, separated in depth by 1.2 m, at a distance of 273 m. The incoherently compressed form of the reflected echo is shown in Fig. 8 . The analysis of the trace could recover the two targets with the expected separation.
Summary
A continuously-operating laser range-finder setup, based on a recently-proposed protocol for the incoherent compression of periodic unipolar sequences, was analyzed and demonstrated experimentally. The measurement is based on simple direct detection, and the transmission or acquisition of phase information is not required. The periodic cross-correlation between the transmitted unipolar sequence and its reference is mathematically perfect, with zero off-peak sidelobes. The results extend upon our previous reports in several respects: An approximate analytic model for sidelobe magnitude statistics in the presence of detector noise is provided. The model is supported by numerical simulations and controlled indoor experiments. Tradeoffs among range, aperture size, transmission power, and acquisition duration are identified. These tradeoffs serve as guidelines for system design. A comparison between the performance of an incoherently compressed range-finder and of one that is based on ToF is given, and potential applications in which each embodiment would be advantageous are discussed. While a ToF configuration would provide better performance for systems that are restricted by their energy consumption, incoherent compression is favorable when peak power is the most significant consideration.
The demonstration of the incoherent compression-based range finder is extended to outdoor experiments at 270 m range. The measurement distance is more than five times longer than that of the previous demonstration. The range to the target could be measured at SNR conditions as low as −25 dB, with peak transmitted power levels of 800 mW only, and with acquisition times of only 50 s. The ability to distinguish between two targets at closely spaced depths is demonstrated as well. L ðk þpÞmod N L ðlþqÞmod N hn k n l i:
The additive noise samples n m are of zero mean and statistically independent of one another. Consequently, all terms in the double sum for which k 6 ¼ l vanish, since hn k n l i ¼ hn k ihn l i ¼ 0. In the remaining terms k ¼ l, the expectation values hn 2 k i equal 2 n for all k . The statistical correlation between the two sidelobes thus takes the form
The expression within the sum is by definition an auto-correlation sidelobe of the original, bipolar Legendre sequence. All sidelobes of these sequences equal −1. We therefore obtain
The variance of each individual, noise-induced correlation sidelobe is given by N 2 n . Hence, the normalized correlation coefficient between any pair of sidelobes equals
While this residual statistical correlation between any pair of sidelobes is weak, it is still nonzero. Therefore, the order statistics formula of (6) does not strictly apply to the PDF of the highest sidelobe. Nevertheless, the numerical analysis reported in Section 3 and the controlled experiments of Section 5 show that the approximate PDF, which is based on the assumption of statistical independence among sidelobes, does provide a useful estimate for system performance.
